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Abstract
In this paper, we use the Andrews–Askey integral and the q-Chu–Vandermonde formula to derive a more general integral
formula. Applications of the new integral formula are also given, which include to derive the q-Pfaff–Saalschütz formula and the
terminating Sears’s 3φ2 transformation formula.
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1. Introduction and statement of result
The following is the Andrews–Askey integral [1] which can be derived from Ramanujan’s 1ψ1:
d∫
c
(qt/c, qt/d;q)∞
(at, bt;q)∞ dqt =
d(1 − q)(q, dq/c, c/d, abcd;q)∞
(ac, ad, bc, bd;q)∞ , (1.1)
provided that |q| < 1 and there are no zero factors in the denominator of the integrals.
The Andrews–Askey integral is an important formula in basic hypergeometric series. In this paper, we derive
a more general integral formula, which includes the q-Pfaff–Saalschütz formula and the terminating Sears’s 3φ2
transformation formula as special cases. The main result is the following theorem:
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t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a;q)Pm(ω,d/b;q)
(aω,bω;q)∞ dqω
= t (1 − q)(c;q)n(d;q)m(q, tq/s, s/t, abst;q)∞
anbm(as, at, bs, bt;q)∞
n∑
k=0
(q−n, as, at;q)kqk
(q, c, abst;q)k 3φ2
(
bs, bt, q−m
d,abstqk
;q, q
)
, (1.2)
where
P0(a, b;q) = 1, Pn(a, b;q) = (a − b)(a − bq) · · ·
(
a − bqn−1), n 1.
2. Notations and known results
We first recall some definitions, notations and known results in [2,4] which will be used for the proof of Theo-
rem 1.1. Throughout this paper, it is supposed that 0 < |q| < 1. The q-shifted factorials are defined as
(a;q)0 = 1, (a;q)n =
n−1∏
k=0
(
1 − aqk), (a;q)∞ =
∞∏
k=0
(
1 − aqk). (2.1)
We also adopt the following compact notation for multiple q-shifted factorial:
(a1, a2, . . . , am;q)n = (a1;q)n(a2;q)n · · · (am;q)n, (2.2)
where n is an integer or ∞.
In 1846, Heine introduced the r+1φr basic hypergeometric series, which is defined by
r+1φr
(
a1, a2, . . . , ar+1
b1, b2, . . . , br
;q, x
)
=
∞∑
n=0
(a1, a2, . . . , ar+1;q)nxn
(q, b1, b2, . . . , br ;q)n . (2.3)
F.H. Jackson defined the q-integral by [5]
d∫
0
f (t) dqt = d(1 − q)
∞∑
n=0
f
(
dqn
)
qn (2.4)
and
d∫
c
f (t) dq t =
d∫
0
f (t) dqt −
c∫
0
f (t) dq t. (2.5)
In the context of this paper, convergence of series is no issue at all because they are the terminating series.
3. The proof of Theorem 1.1
In this section, we use the Andrews–Askey integral and the q-Chu–Vandermonde formula to prove Theorem 1.1.
Proof. Recall the q-Chu–Vandermonde convolution formula
2φ1
(
q−n, a
c
;q, q
)
= a
n(c/a;q)n
(c;q)n . (3.1)
By the following relation
(a;q)k = (a;q)∞k , (3.2)(aq ;q)∞
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n∑
k=0
(q−n;q)kqk
(q, c;q)k ·
1
(aqk;q)∞ =
an
(c;q)n ·
(c/a;q)n
(a;q)∞ . (3.3)
If we let a = aω in (3.3) and multiply Eq. (3.3) by
(qω/s, qω/t;q)∞
(bω;q)∞ ,
then we obtain
n∑
k=0
(q−n;q)kqk
(q, c;q)k ·
(qω/s, qω/t;q)∞
(aωqk, bω;q)∞ =
an
(c;q)n ·
(qω/s, qω/t;q)∞Pn(ω, c/a)
(aω,bω;q)∞ . (3.4)
Taking the q-integral on both sides of (3.4) with respect to variable ω, we have
n∑
k=0
(q−n;q)kqk
(q, c;q)k ·
t∫
s
(qω/s, qω/t;q)∞
(aωqk, bω;q)∞ dqω =
an
(c;q)n ·
t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a)
(aω,bω;q)∞ dqω. (3.5)
Applying Andrews–Askey integral (1.1) to the integral on the left-hand side of (3.5), we have
n∑
k=0
(q−n;q)kqk
(q, c;q)k ·
t (1 − q)(q, tq/s, s/t, abstqk;q)∞
(asqk, atqk, bs, bt;q)∞
= a
n
(c;q)n ·
t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a;q)
(aω,bω;q)∞ dqω, (3.6)
which can be rewritten as
t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a;q)
(aω,bω;q)∞ dqω
= t (1 − q)(c;q)n(q, tq/s, s/t, abst;q)∞
an(as, at, bs, bt;q)∞ 3φ2
(
as, at, q−n
c, abst
;q, q
)
. (3.7)
On the other hand, if we multiply Eq. (3.4) by Pm(ω,d/b;q), we obtain
n∑
k=0
(q−n;q)kqk
(q, c;q)k ·
(qω/s, qω/t;q)∞Pm(ω,d/b;q)
(aωqk, bω;q)∞
= a
n
(c;q)n ·
(qω/s, qω/t;q)∞Pn(ω, c/a;q)Pm(ω,d/b;q)
(aω,bω;q)∞ . (3.8)
We take the q-integral on both sides of (3.8) with respect to variable ω and use (3.7) in the resulting equation with
n = m, c = da/b, and a = aqk . After simple rearrangements, we have (1.2). 
Note that (3.7) is a special case of (1.2) when m = 0.
4. Some applications
In this section, we give some applications of (1.2). First we point out that the q-Pfaff–Saalschütz formula [2,4] is a
special case of (1.2).
Theorem 4.1 (The q-Pfaff–Saalschütz formula). We have
3φ2
(
a, b, q−n
c, abc−1q1−n
;q, q
)
= (c/a, c/b;q)n
(c, c/ab;q)n . (4.1)
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t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a;q)
(aω,aq1−nω/c;q)∞ dqω
= t (1 − q)(c;q)n(q, tq/s, s/t, a
2q1−nst/c;q)∞
an(as, at, asq1−n/c, atq1−n/c;q)∞ ·
n∑
k=0
(q−n, as, at;q)kqk
(q, c, a2q1−nst/c;q)k . (4.2)
Using the following relation
an(c/a;q)n = (−c)nq(n2) (aq
1−n/c;q)∞
(aq/c;q)∞ , (4.3)
we find that
anPn(ω, c/a;q) = (aω)n(c/aω;q)n = (−c)nq(n2) (aωq
1−n/c;q)∞
(aωq/c)∞
. (4.4)
Using (4.4) in (4.2), we have
t∫
s
(qω/s, qω/t;q)∞
(aωq/c, aω;q)∞ dqω =
t (1 − q)(c;q)n
(−c)nq(n2)
× (q, tq/s, s/t, a
2q1−nst/c;q)∞
(as, at, asq1−n/c, atq1−n/c;q)∞ 3φ2
(
as, at, q−n
c, a2q1−nst/c
;q, q
)
. (4.5)
Applying the Andrews–Askey integral (1.1) to (4.5), we obtain
3φ2
(
as, at, q−n
c, a2q1−nst/c
;q, q
)
= (−c)n q
(n2)
(c;q)n ·
(as/c, at/c;q−1)n
(a2st/c;q−1)n . (4.6)
After replacing as and at by a and b, respectively, and employing the following formula
(a;q)n =
(
a−1;q−1)
n
(−a)nq(n2),
we obtain the q-Pfaff–Saalschütz formula (4.1). 
We also have the following transformation formula, which includes the terminating Sears’s 3φ2 transformation
formula.
Theorem 4.2. We have
n∑
k=0
(q−n, as, at;q)kqk
(q, c, abst;q)k 3φ2
(
bs, bt, q−m
d,abstqk
;q, q
)
= (da/b;q)m(cb/a;q)n
(c;q)n(d;q)m
(
a
b
)n(
b
a
)m
·
m∑
k=0
(q−m,as, at;q)kqk
(q, da/b, abst;q)k 3φ2
(
bs, bt, q−n
cb/a, abstqk
;q, q
)
. (4.7)
Proof. Using (1.2) gets
t∫
s
(qω/s, qω/t;q)∞Pn(ω, c/a;q)Pm(ω,d/b;q)
(aω,bω;q)∞ dqω
=
t∫
(qω/s, qω/t;q)∞Pm(ω,da/ba;q)Pn(ω, cb/ab;q)
(aω,bω;q)∞ dqω
s
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ambn(as, at, bs, bt;q)∞
×
m∑
k=0
(q−m,as, at;q)kqk
(q, da/b, abst;q)k 3φ2
(
bs, bt, q−n
cb/a, abstqk
;q, q
)
. (4.8)
Combining (1.2) and (4.8) yields (4.7). 
We want to point out that (4.7) have some important special cases. For example, we have
Corollary 4.3 (The terminating Sears’s 3φ2 transformation formula).
3φ2
(
a1, a2, q−m
b1, b2
;q, q
)
= (b1b2/a1a2;q)m
(b2;q)m
(
a1a2
b1
)m
3φ2
(
b1/a1, b1/a2, q−m
b1, b1b2/a1a2
;q, q
)
. (4.9)
Proof. Setting n = 0 in (4.7), we find that
3φ2
(
bs, bt, q−m
d,abst
;q, q
)
= (da/b;q)m
(d;q)m
(
b
a
)m
3φ2
(
as, at, q−m
da/b, abst
;q, q
)
. (4.10)
Replacing (bs, bt, abst, d) by (a1, a2, b1, b2), we obtain (4.9). 
Identity (4.9) can be found in [6, p. 125, Eq. 2.18], which is used there to prove the Sears’s 4φ3 transformation
formula [6,7].
Theorem 4.4. For any integer i, such that 0 i  n, we have
i∑
k=0
(q−i , as, at;q)kqk
(q, abst;q)k 3φ2
(
bs, bt, qi−n
0, abstqk
;q, q
)
= a
ibn−i
an
· 3φ2
(
as, at, q−n
0, abst
;q, q
)
. (4.11)
Proof. Let n = i, m = n − i and c = d = 0 in (1.2) to get
t∫
s
(qω/s, qω/t;q)∞ωiωn−i
(aω,bω;q)∞ dqω =
t∫
s
(qω/s, qω/t;q)∞ωn
(aω,bω;q)∞ dqω =
t (1 − q)(q, tq/s, s/t, abst;q)∞
aibn−i (as, at, bs, bt;q)∞
×
i∑
k=0
(q−i , as, at;q)kqk
(q, abst;q)k 3φ2
(
bs, bt, qi−n
0, abstqk
;q, q
)
. (4.12)
On the other hand, by letting c = 0 in (3.7), we have
t∫
s
(qω/s, qω/t;q)∞ωn
(aω,bω;q)∞ dqω =
t (1 − q)(q, tq/s, s/t, abst;q)∞
an(as, at, bs, bt;q)∞ 3φ2
(
as, at, q−n
0, abst
;q, q
)
. (4.13)
Combining (4.12) and (4.13) gives (4.11). 
The following is the terminating q-binomial theorem [4]
n∑
k=0
[
n
k
]
(−1)kq(k2)xk = (x;q)n. (4.14)
Using (1.2), we give an extension of it.
Theorem 4.5. For any integer n, we have
n∑
k=0
[
n
k
]
q(
k
2)
(
−1
a
)k
3φ2
(
as, at, q−k
0, ast
;q, q
)
= (s, t;q)n
(ast;q)n . (4.15)
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(qω/s, qω/t;q)∞
(aω,ω;q)∞
then we obtain
n∑
k=0
[
n
k
]
(−1)kq(k2) (qω/s, qω/t;q)∞ω
k
(aω,ω;q)∞ =
(qω/s, qω/t;q)∞(ω;q)n
(aω,ω;q)∞ . (4.16)
Taking the q-integral on both sides of the above identity with respect to variable ω, we have
n∑
k=0
[
n
k
]
(−1)kq(k2)
t∫
s
(qω/s, qω/t;q)∞ωk
(aω,ω;q)∞ dqω =
t∫
s
(qω/s, qω/t;q)∞(ω;q)n
(aω,ω;q)∞ dqω. (4.17)
By (3.7) with n = k, b = 1, and c = 0, we have
t∫
s
(qω/s, qω/t;q)∞ωk
(aω,ω;q)∞ dqω =
t (1 − q)(q, tq/s, s/t, ast;q)∞
ak(as, at, s, t;q)∞ 3φ2
(
as, at, q−k
0, ast
;q, q
)
. (4.18)
Note that
(ω;q)n = (−1)nq(n2)Pn
(
ω,1/qn−1;q), (4.19)
(−1)nq(n2) (a/q
n−1;q)n
an
= (1/a;q)n. (4.20)
Utilizing (4.19), (4.20), and (4.1) below in the order, we have
t∫
s
(qω/s, qω/t;q)∞(ω;q)n
(aω,ω;q)∞ dqω = (−1)
nq(
n
2)
t∫
s
(qω/s, qω/t;q)∞Pn(ω,1/qn−1;q)
(aω,ω;q)∞ dqω
= t (1 − q)(1/a;q)n(q, tq/s, s/t, ast;q)∞
(as, at, s, t;q)∞ 3φ2
(
as, at, q−n
a/qn−1, ast
;q, q
)
= t (1 − q)(q, tq/s, s/t, ast;q)∞
(as, at, s, t;q)∞ ·
(s, t;q)n
(ast;q)n . (4.21)
Substituting (4.18) and (4.21) into (4.17) gives (4.15). 
It is obvious that, (4.15) leads to (4.14) when a = 1/s.
Theorem 4.6. We have
t∫
s
(qω/s, qω/t;q)∞Pn(ω2, c2;q2)
(aω,bω;q)∞ dqω =
t (1 − q)(ac;q)n(−bc;q)n(q, tq/s, s/t, abst;q)∞
anbn(as, at, bs, bt;q)∞
×
n∑
k=0
(q−n, as, at;q)kqk
(q, ac, abst;q)k 3φ2
(
bs, bt, q−n
−bc, abstqk ;q, q
)
, (4.22)
provided that no zero factors in the denominator of the integrals.
Proof. Since,
Pn
(
ω2, c2;q2)= (ω2 − c2)(ω2 − c2q2) · · · (ω2 − c2q2n−2)
= (ω − c)(ω − cq) · · · (ω − cqn−1) · (ω + c)(ω + cq) · · · (ω + cqn−1)
= Pn(ω, c;q)Pn(ω,−c;q). (4.23)
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t∫
s
(qω/s, qω/t;q)∞Pn(ω2, c2;q2)
(aω,bω;q)∞ dqω
=
t∫
s
(qω/s, qω/t;q)∞Pn(ω, c;q)Pn(ω,−c;q)
(aω,bω;q)∞ dqω
= t (1 − q)(ac;q)n(−bc;q)n(q, tq/s, s/t, abst;q)∞
anbn(as, at, bs, bt;q)∞
×
n∑
k=0
(q−n, as, at;q)kqk
(q, ac, abst;q)k 3φ2
(
bs, bt, q−n
−bc, abstqk ;q, q
)
, (4.24)
as desired. 
Carlitz discovered the following transformation formula [3]
n∑
k=0
(a, b;q)k
(q;q)k (−ab)
n−kq(n−k)(n+k−1)/2 = (a;q)n+1
n∑
k=0
(−b)kq(k2)
(q;q)k(q;q)n−k(1 − aqn−k) . (4.25)
Using (1.2), we give an extension of it.
Theorem 4.7. We have
n∑
k=0
k∑
i=0
(a,1/u;q)k(q−k, us,ut;q)i
(q;q)k(q,u/qk−1, uvst;q)i (−a/v)
n−k · qi+(n−k)(n+k−1)/2 3φ2
(
vs, vt, qk−n
0, uvstqi
;q, q
)
= (a;q)n+1
(q;q)n
n∑
k=0
[
n
k
]
(−1/u)kq(k2)
1 − aqn−k 3φ2
(
us,ut, q−k
0, uvst
;q, q
)
. (4.26)
Proof. If we let b = ω in (4.25) and multiply Eq. (4.15) by
(qω/s, qω/t;q)∞
(uω,vω;q)∞
then we can obtain
n∑
k=0
(a;q)k
(q;q)k (−a)
n−kq(n−k)(n+k−1)/2 · (qω/s, qω/t;q)∞(ω;q)kω
n−k
(uω,vω;q)∞
= (a;q)n+1
(q;q)n
n∑
k=0
[
n
k
]
(−1)kq(k2)
1 − aqn−k ·
(qω/s, qω/t;q)∞ωk
(uω,vω;q)∞ . (4.27)
Taking the q-integral on both sides of the above identity with respect to variable ω, we have
n∑
k=0
(a;q)k
(q;q)k (−a)
n−kq(n−k)(n+k−1)/2
t∫
s
(qω/s, qω/t;q)∞(ω;q)kωn−k
(uω,vω;q)∞ dqω
= (a;q)n+1
(q;q)n
n∑
k=0
[
n
k
]
(−1)kq(k2)
1 − aqn−k
t∫
s
(qω/s, qω/t;q)∞ωk
(uω,vω;q)∞ dqω. (4.28)
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t∫
s
(qω/s, qω/t;q)∞ωk
(uω,vω;q)∞ dqω =
t (1 − q)(q, tq/s, s/t, uvst;q)∞
uk(us,ut, vs, vt;q)∞ 3φ2
(
us,ut, q−k
0, uvst
;q, q
)
. (4.29)
Employing the following relations
(ω;q)k = (−1)kq(k2)Pk
(
ω,1/qk−1;q)
and
ωn−k = Pn−k(ω,0;q),
we have
t∫
s
(qω/s, qω/t;q)∞(ω;q)kωn−k
(uω,vω;q)∞ dqω = (−1)
kq(
k
2)
t∫
s
(qω/s, qω/t;q)∞Pk(ω,1/qk−1;q)Pn−k(ω,0;q)
(uω,vω;q)∞ dqω
= (−1)kq(k2) · t (1 − q)(u/q
k−1;q)k(q, tq/s, s/t, uvst;q)∞
ukvn−k(us,ut, vs, vt;q)∞
×
k∑
i=0
(q−k, us,ut;q)iqi
(q,u/qk−1, uvst;q)i 3φ2
(
vs, vt, qk−n
0, uvstqi
;q, q
)
. (4.30)
Using the following relation
(−1)kq(k2) · (u/q
k−1;q)k
uk
= (1/u;q)k,
(4.30) can be written as
t∫
s
(qω/s, qω/t;q)∞(ω;q)kωn−k
(uω,vω;q)∞ dqω =
t (1 − q)(1/u;q)k(q, tq/s, s/t, uvst;q)∞
vn−k(us,ut, vs, vt;q)∞
×
k∑
i=0
(q−k, us,ut;q)iqi
(q,u/qk−1, uvst;q)i 3φ2
(
vs, vt, qk−n
0, uvstqi
;q, q
)
. (4.31)
Substituting (4.29) and (4.31) into (4.28) gives (4.26). 
It is obvious that, (4.26) leads to (4.25) when u = v = 1/s.
Acknowledgment
The author would like to express deep appreciation to the referee for the helpful suggestions. In particular, the author thanks the referee for help
to improve the presentation of the paper.
References
[1] G.E. Andrews, R. Askey, Another q-extension of the beta function, Proc. Amer. Math. Soc. 81 (1981) 97–100.
[2] G.E. Andrews, q-Series: Their Development and Applications in Analysis, Number Theory, Combinatorics, Physics and Computer Algebra,
CBMS Regional Conference Lecture Series, vol. 66, Amer. Math. Soc., Providences, RI, 1986.
[3] L. Carlitz, A q-identity, Fibonacci Quart. 12 (1974) 369–372.
[4] G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge Univ. Press, Cambridge, MA, 1990.
[5] F.H. Jackson, On q-definite integrals, Q. J. Pure Appl. Math. 50 (1910) 101–112.
[6] Z.-G. Liu, Some operator identities and q-series transformation formulas, Discrete Math. 265 (2003) 119–139.
[7] D.B. Sears, Transformation of basic hypergeometric functions of special type, Proc. London Math. Soc. 52 (1951) 467–483.
